A spin wave (SW) is a collective excitation of the magnetic order in magnetic materials that can propagate in both conducting and insulating media. Spin waves and their quanta magnons are considered as a potential data carrier for more-than-Moore computing [1] [2] [3] [4] . This is due to their ultrashort wavelengths in the micro-to nanometer range [5] [6] [7] in the microwave and THz frequency range [8, 9] , due to their ultralow losses and the absence of Joule heating [10, 11] , resulting in long-propagation distances of spin information [12, 13] , as well as because of their abundant nonlinear phenomena [14] [15] [16] . These factors make spin wave highly attractive for wave-based computing concepts [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . Separate spin wave logic gates [17] [18] [19] [20] , wave-based majority gates [21] [22] [23] [24] , transistors [15, 25, 26] and building blocks for unconventional computing [27] [28] [29] [30] have already been proposed in experiments or micromagnetic simulations. Thus,
and it does not contribute to the half-adding function. However, it acts as a XOR logic gate and, potentially, it could be used in addition to the half-adder function of the device. The Directional Coupler 2 performs the actual half-adder operation and its operational principle is described in the next section.
The material we use for the numerical simulations is Yttrium Iron Garnet (YIG) which features the smallest today's known SW losses together with large velocities of shortwavelength exchange spin waves [6, 10, 11, 13] . One of the greatest advantage of magnon-based data processing systems is their scalability, since the smallest wavelength is limited by the lattice constant of the used magnetic material. In our simulations we have chosen the minimal width of the waveguides to be 100 nm (see Fig. 1 for the sizes of the structure) which can be reliably fabricated using modern patterning techniques [12, [40] [41] [42] [43] . The properties of spin waves in such nano-scaled waveguides were studied analytically, numerically and experimentally in Ref. [43] .
Theoretical model of the nonlinear directional coupler. The processing of data, in general, requires the utilization of elements with nonlinear characteristics that are, e.g., provided by a semiconductor transistor in CMOS. Spin waves possess a variety of natural and very pronounced nonlinear phenomena [44] that potentially can be used for computing such as four-magnon scattering, which was, for instance, used in the demonstration of the first magnon transistor [15] . Here, we utilize the phenomenon of the nonlinear dependence of SW frequency on its amplitude [44, 45] . The increase in the SW amplitude results in a shift of the SW dispersion and in a phase accumulation due to the change in SW wavelength while conserving its frequency. The utilization of this phenomenon for data processing has the advantage that, unlike in the magnon scattering-based approaches, no magnon energy is lost to idle magnons generated due to the scattering [15] .
The basic configuration of the directional coupler consists of dipolarly-coupled straight parallel waveguides and of bent waveguides in order to guide spin waves in and out -see Fig. 2a . Directional couplers operating in the linear regime were comprehensively studied e.g. in optics and in magnonics [37, 38] . A power dependence of the characteristics of SW-based directional couplers was observed in experiments and simulations on mm-scale samples by Sadovnikov, et al. [16, 39] .
When two parallel magnetic SW waveguides are placed sufficiently close to each other, the dipolar coupling between them results in a splitting of the dispersion curve of the isolated waveguides into symmetric and antisymmetric modes of the coupled waveguides [37, 38] . The analytically calculated [37] dispersion relation of the isolated SW waveguide is shown in Fig. 2b by the grey solid line for the case of the lowest SW mode with a quasi-uniform profile across the waveguide width [43] . The split dispersion relations in the linear regime in the coupled waveguides are shown in the figure by the blue lines. To obtain the linear dispersion, small SW amplitudes are excited by a microwave field of hrf = 2 mT. When the excited SW frequencies are above the minimum frequency of the antisymmetric mode (about 2.278 GHz), the symmetric and antisymmetric SW modes with different wavenumber ks and kas will be excited simultaneously in the coupled waveguides. The constructive and destructive interferences of these two propagating SW modes results in a periodic energy exchange between the two waveguides. In doing so, the spin waves excited in one of the waveguides transfer their energy to the other after propagation over a certain distance which is called the coupling length LC. The coupling length LC can be calculated as and depends on various parameters such as the SW wavelength, the applied magnetic field, the geometrical sizes of the waveguides and their magnetizations [16, [37] [38] [39] .
The output power in the first waveguide normalized by the total power P1out/(P1out+P2out) can be expressed using the characteristic coupling length LC2:
,
where L2 = 3 µm is the length of the coupled waveguide in the Directional Coupler 2. see, that the output power P1out strongly depends on the SW frequency. This is due to the strong dependence of the coupling length LC2 on the SW wavenumber [37, 38] . The coupling length, consequently, defines the energy distribution between the output waveguides for a given length of the coupled waveguides. The small mismatch between simulations and theory in the region below 2.3 GHz is mainly caused by the damping, which is not taken into account in the theory, and by the large sensitivity of the coupling coefficient to the dispersion of the antisymmetric mode, which is practically flat in this region.
When the input SW power increases, nonlinear effects start to play an important role.
In the range of relatively weak nonlinearity, the main impact is produced by the nonlinear frequency shift of the SW [16, 39, 44, 45] . Since the dipolar coupling between waveguides is much smaller than the internal forces, i.e., the splitting of the collective SW modes is much lesser than the SW frequency, we can neglect a nonlinear correction to the coupling strength. In this case, the power-dependent SW dispersion of the collective modes of coupled waveguides can be calculated as [46] : shift is mainly due to the decrease in the effective magnetization of a magnetic material with the increase in the magnetization precession angle [44, 45] . All these characteristics are described in more detail in the Methods Section. For the further calculations, we used the numerically found relation between the excitation field and the amplitude of the dynamic magnetization with both in units of mT. In in-plane magnetized structures the nonlinear shift is negative [46] and, thus, according to Fig. 2 ) with an increase in the excitation field from b0 = 2 mT to 4 mT. Consequently, the coupling length LC2 of the directional coupler also changes.
The power dependence of the output of Directional Coupler 2 by assuming that input spin waves arrive in the first waveguide only and by using the Tailor expansion of the frequency dependence of the coupling length, can be found to:
The power-independent term is proportional to the ratio of the directional coupler length to the coupling length in the linear regime L2/LC2 lin . The output power P1out
periodically changes with a change in the coupling length and is maximal for the cases L2/LC2 lin = 0, 2, 4, … (see Fig. 2c ). Simultaneously, as it is seen from Eq. (3), the sensitivity to the nonlinear effect increases with the increase in the ratio L2/LC2 lin .
Therefore, the longer the directional coupler is and the more coupling lengths it spans, the higher is the nonlinear phase accumulation. This is the reason why the Directional Coupler 2 in our half-adder design is long and features a strong coupling provided by the small gap between the waveguides of only 10 nm. It has a length of L2 = 14 LC2 lin and it is very sensitive to the increase in the SW amplitude passing through it. As a result, a complete energy transfer from Output 1 to Output 2 is observed in the micromagnetic simulations if the SW amplitude is increased by a factor of two (L2 = 13 LC2 nonlin ) -see black line in Fig. 2d . The normalized output SW power in the first waveguide decreases from 97.3% at b0 = 2 mT to 2.0% at b0 = 4 mT. Due to this nonlinear switching effect, the Directional Coupler 2 performs a combined AND and XOR logic function, as will be described in the following.
At the same time, the first Directional Coupler 1 in the half-adder design should remain in the linear regime and its coupling length should be independent on the SW amplitude. This is achieved by its smaller length of 370 nm as well as by a decreased strength of the coupling via an increased spacing between the waveguides of 50 nm.
As a result, Directional Coupler 1 spans only half of the coupling length L1 = 0.5LC1 lin .
Thus, it requires much higher SW amplitudes to show a power dependence and in our
working range of SW amplitudes, its output remains around 50% and is independent on the excitation field -see green symbols in Fig. 2d . Hence, in contrast to Directional Operational principle of the magnonic half-adder. The operational principle of the half-adder is shown in Fig. 3 . Binary data is coded into the SW amplitude, namely, in the ideal case, a spin wave of a given amplitude (e.g., Mz/Ms = 0.057) corresponds to the logic state "1" while zero SW amplitude corresponds to "0". In the following, we normalize all output SW intensity to the input SW intensity. In the more realistic cases considered below, we utilize an approach from CMOS: a normalized SW intensity below 1/3 is considered to be logic "0" and above 2/3, it is logic "1".
The operational principle of the half-adder is as follows. Let us first consider the case of logic inputs "A" = "1" and "B" = "0" -see Fig. 3a . In this case, the SW injected into This corresponds to the logic Outputs "S" = "1" and "C" = "0". If a SW is injected in Input "B" only, this corresponds to the logic inputs A" = "0" and "B" = "1" -see Fig.   3b . The situation in this case is quite similar to the previous one: The SW intensity is split into two parts by the Directional Coupler 1, one of which is guided to the output "S" via the Directional Coupler 2 and, thus, again "S" = "1", "C" = "0". The situation is different for the input logics states "A" = "1" and "B" = "1" -see Fig. 3c . It is assumed that the phase of the SW injected into the Input "B" is shifted by p/2 with respect to the one in the Input "A" in order to compensate the -p/2 phase shift caused by the Directional Coupler 1. In practice, this can be easily realized by varying, for instance, the length of the magnonic conduits between two half-adders in series. As a result, the excitation of SWs in both inputs results in their constructive interference and in a twice larger SW amplitude arriving at Directional Coupler 2. As was discussed above, this increase in the SW intensity switches the coupler to the nonlinear regime (LC2 nonlin » 230 nm » 13/L2) and the spin wave is guided to the output "C". This corresponds to the logic Outputs "S" = "0" and "C" = "1" (see Fig. 3c ) and, thus, the whole truth-table of the half-adder is realized. The combination of two directional couplers preforms the AND and XOR logic functions due to the phenomenon of nonlinear SW frequency shift.
Please note that the all-magnon circuit concept [15] requires that the signal from the output of a magnonics gate can be directly guided into the input of the next one. In order to satisfy this condition, the spin wave intensity at the Outputs "S" still has to be amplified by a factor of four due to the energy splitting in the Directional Coupler 1 and due to parasitic reflections and spin-wave damping in the waveguides. The output signals "S" shown in Fig. 3 are artificially multiplied by 4. The most promising realization of such an amplifier is based on the utilization of parametric pumping [47, 48] or the spin Hall effect (SHE) in combination with Spin Transfer Torque (STT) [4, 10, 49] . In contrast, the SW amplitude in the output "C" is either vanishingly small or is approximately equal to the input SW amplitude as a consequence of constructive interference. Thus, no amplifier is required for the "Carry" output of the half-adder.
Discussion
At the final part of this paper, we would like to discuss scalability, operational frequency and potential power consumption of the presented magnonic half-adder. The summary of these parameters is shown in Table 1 . Parameters for two different devices are estimated: The first one is the device which was simulated and discussed above.
The width of the YIG waveguides is equal to 100 nm and can be reliably fabricated according to the recent achievements [43] . The second device is an estimation performed for a device with a width of the waveguides of 10 nm and with YIG being replaced by CoFeB, a commonly used metallic ferromagnet in spintronics applications (parameters: Ms = 13.5×10 5 A/m, A = 15 pJ/m [50] ). In addition, the SW wavelength was decreased to 50 nm and the SW frequency was increased to 31 GHz. The second device was not simulated but the estimation was performed on the basis of the known scalability of the proposed approach. It has to be mentioned that the second device does not constitute a fundamental limit but is merely an estimation based on the current state of the art of fabrication technology, since CMOS technology reported on the industrial production of devices with below 10 nm minimal size. A further improvement in all characteristics by about 10 times is potentially achievable. According to the table, the area of the simulated half-adder is 3.9 µm 2 and is, thus, only few times larger than a corresponding CMOS device containing 14 transistors. In contrast to a CMOS realization, the magnonic half-adder consist of only one material and of only one planar layer. This drastically simplifies its fabrication and decreases its potential costs. The area can be readily decreased down to 0.056 µm 2 for the second device. This significant decrease in the footprint of the computing device with respect to CMOS technology arises from the usage of the additional degrees of freedom for spin waves such as their phase and nonlinearity. In addition, it should be noted that the largest part of the half-adder is given by the Directional Coupler 2, which could potentially be further decreased via the utilization of other, stronger coupling mechanisms between the SW waveguides like exchange instead of dipolar coupling.
Operational speed is another important requirement. In the presented half-adder, the operating frequency is defined by the whole length of the device with respect to the SW group velocity. In our design, the SW propagation time from input to output is about 150 ns. In order to achieve a stabilization of the interference pattern and the nonlinear processes, the minimum SW pulse duration should be about 300 ns and the period between operations is about 450 ns. The latter defines the operational frequency of around 2.2 MHz. According to Table 1 , the calculation time can be reduced to 1.14 ns in the miniaturized device, and its operational frequency can be increased up to 0.3 GHz.
Finally, small energy consumption of computing systems is probably the most crucial requirement taking into account the constantly increasing amount of information that has to be processed. In our simulations, we record the total energy of the device as a function of simulation time. The energy injected into the device per nanosecond is equal to 8.2×10 -20 J/ns. For the 300 ns pulse duration the energy consumption per operation is, thus, 2.46×10 -17 J/operation. Even without taking into account that the half-adder performs a quite complex operation, this value is more than one order of magnitude better than current CMOS values (10 -16 J/bit [3] ). The energy consumption for the miniaturized device should be especially highlighted as it is a remarkably low 1.87×10 -19 J/operation. At the same time, we have to underline that this energy consumption is related to the energy within the magnonic domain only and it does not take into account the energy consumed during the transfer of signals between the elements and the energy required for the SW amplification.
In conclusion, we have proposed and numerically tested a magnonic half-adder that constitutes of two logic gates and is potentially suited for further integration with other logic gates relying on the same concept. In this integrated magnonic circuit, the magnons are controlled by magnons themselves without any conversion to the electric domain which ensures low energy consumption. The half-adder consists of two directional couplers, one of which acts as a power splitter and another which acts as a nonlinear switch. The operational principle of the latter is based on the nonlinear shift of spin wave frequency with an increase in spin wave amplitude. An analytic theory is developed to describe this phenomenon and is verified numerically as well as the whole functionality of the half-adder.
In comparison to CMOS technology, the half-adder consists of three magnetic nanowires only and substitutes 14 transistors in electronics. Only one magnetic material is used, the design is fully planar and occupies one single layer. The half-adder, although being based on 100 nm technology, has characteristics comparable to a 10 nm CMOS half-adder. At the same time, the magnonic half-adder has large potential for miniaturization and further improvement. The estimation of a 10 nm-based magnonic half-adder predicts a two orders of magnitude decrease in footprint, a calculation time of around 1 ns, and a sub-aJ energy consumption per operation.
Methods
Spin wave dispersion calculation in the linear region. The details of the calculations have been fully described in our previous paper [37] . The SW dispersion curve can be obtained by solving the Landau-Lifshitz equation of magnetization dynamics in the linear approximation and neglecting the damping term. The SW dispersion relation in the isolated waveguide is given by [37] : (4) The dispersion relation for the two coupled waveguides (two modes) is (5) where
, wM = gµ0Ms, Ms is the saturation magnetization, g is the gyromagnetic ratio, µ0 is the vacuum permeability, is the exchange length, A is the exchange constant, is the distance between the centers of the two waveguides, is the gap between the two waveguides with width w. The coordinate system used is shown in Fig. 1c : The xaxis is directed along the waveguides, the z-axis is out-of-plane. The tensor describes the dynamical magneto-dipolar interaction [51, 52] 
where , , h is the thickness, is the Fourier transform of the SW profile across the width of the waveguide, and is the normalized constant of the mode profile. In this case, the spins are fully unpinned at the edge of the waveguides [43] . The Fourier transform is, then, described by the function and .
Nonlinear frequency shift. The nonlinear shift coefficient in the isolated waveguide can be calculated using the framework of [53] and by assuming a uniform mode profile across the waveguide thickness and width. Accounting for the negligible static demagnetization of a waveguide along its length, , the nonlinear shift coefficient becomes equal to [48] : ,
where ,
. (10) The relation between the dynamic magnetization component and the canonical SW amplitude is given by: ,
with and .
Micromagnetic simulations. The micromagnetic simulations were performed by the GPU-accelerated MuMax3 [54] code. The simulated structure of the magnonic half- 
